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The 41° International Physics Olympiad
Croatia
Theoretical Competition
Monday, July 19" 2010

Please read this first:

1. The examination lasts for 5 hours. There are 3 questions each worth 10 points.
2. Use only the pen issued on your table.

3. Use only the front side of the sheets of paper provided.

4. Use the Answer Sheets provided to fill in your answers. Numerical results should be
written with as many digits as are appropriate to the given data. Do not forget to state
the units.

5. Additional Writing Sheets are also provided. Write on the working sheets of paper
whatever you consider is required for the solution of the questions and that you wish
to be marked. However you should use as little text as possible and provide only
equations, numbers, symbols and diagrams.

6. It is absolutely essential that you enter your Country Code and your Student Code
in the boxes at the top of every sheet of paper used. In addition, on the working sheets
of paper used for each question, you should enter the number of the problem
(Problem No.), the task number (Task No.), the progressive number of each sheet
(Page No.) and the total number of working sheets that you have used and wish to be
marked for each question (Total No. of pages). If you use some working sheets of
paper for notes that you do not wish to be marked, put a large cross through the whole
sheet and do not include it in your numbering.

7. When you have finished, arrange all sheets in proper order. For each question put

answer sheets first;

working sheets in order;

the sheets you do not wish to be marked,;

put unused sheets and the printed question at the bottom.

Place the papers for each question in the order of questions and page numbers. Bind
them with the paper clip provided and leave everything on your desk. You are not
allowed to take any sheet of paper out of the room.
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1. Image of a charge in a metallic object

Introduction - Method of images

A point charge ( is placed in the vicinity of a grounded metallic sphere of radius R [see Fig. 1(a)], and
consequently a surface charge distribution is induced on the sphere. To calculate the electric field
and potential from the distribution of the surface charge is a formidable task. However, the
calculation can be considerably simplified by using the so called method of images. In this method,
the electric field and potential produced by the charge distributed on the sphere can be represented
as an electric field and potential of a single point charge ('placed inside the sphere (you do not have
to prove it). Note: The electric field of this image charge ('reproduces the electric field and the

potential only outside the sphere (including its surface).

(a) (b)

Fig 1. (a) A point charge ( in the vicinity of a grounded metallic sphere. (b) The electric field of the
charge induced on the sphere can be represented as electric field of an image charge Q'.

Task 1 - The image charge
The symmetry of the problem dictates that the charge ('should be placed on the line connecting the

point charge ( and the center of the sphere [see Fig. 1(b)].

a) What s the value of the potential on the sphere? (0.3 points)

b) Expressq' and the distance d'of the charge (' from the center of the sphere, in terms of
q,d,and R. (1.9 points)

c) Find the magnitude of force acting on charge( . Is the force repulsive? (0.5 points)

Task 2 - Shielding of an electrostatic field

Consider a point charge g placed at a distance d from the center of a grounded metallic sphere of
radius R. We are interested in how the grounded metallic sphere affects the electric field at point A
on the opposite side of the sphere (see Fig. 2). Point A is on the line connecting charge g and the
center of the sphere; its distance from the point charge g isr.

a) Find the vector of the electric field at point A. (0.6 points)
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b) For a very large distance I >>d, find the expression for the electric field by using the
approximation (1+a)? = 1-2a, where a <<1. (0.6 points)

c) In which limit of d does the grounded metallic sphere screen the field of the charge g
completely, such that the electric field at point A is exactly zero? (0.3 points)

Fig 2. The electric field at point A is partially screened by the grounded sphere.

Task 3 - Small oscillations in the electric field of the grounded metallic
sphere

A point charge g with mass m is suspended on a thread of length L which is attached to a wall, in the
vicinity of the grounded metallic sphere. In your considerations, ignore all electrostatic effects of the
wall. The point charge makes a mathematical pendulum (see Fig. 3). The point at which the thread is
attached to the wall is at a distancel from the center of the sphere. Assume that the effects of
gravity are negligible.

a) Find the magnitude of the electric force acting on the point charge g for a given angle « and
indicate the direction in a clear diagram (0.8 points)

b) Determine the component of this force acting in the direction perpendicular to the thread in

termsof |, L, R, gand o . (0.8 points)

c) Find the frequency for small oscillations of the pendulum. (1.0 points)

N |

Fig 3. A point charge in the vicinity of a grounded sphere oscillates as a pendulum.

Task 4 - The electrostatic energy of the system

For a distribution of electric charges it is important to know the electrostatic energy of the system. In
our problem (see Fig. 1a), there is an electrostatic interaction between the external charge g and the
induced charges on the sphere, and there is an electrostatic interaction among the induced charges
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on the sphere themselves. In terms of the charge g, radius of the sphere R and the distance d
determine the following electrostatic energies:

a) the electrostatic energy of the interaction between charge g and the induced
charges on the sphere; (1.0 points)
b) the electrostatic energy of the interaction among the induced charges on the
sphere; (1.2 points)
c) the total electrostatic energy of the interaction in the system. (1.0 points)
Hint: There are several ways of solving this problem:

(1) In one of them, you can use the following integral,

Toxdxk o _1 1

'!(XZ—RZ)Z _Edz_Rz

(2) In another one, you can use the fact that for a collection of N charges (;located at points
ﬁ,i:l,...,N, the electrostatic energy is a sum over all pairs of charges:

V== ZZ ".

= 47[80 ‘r F

i
i#]
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2. Chimney physics

Introduction

Gaseous products of burning are released into the atmosphere of temperature T,;, through a high
chimney of cross-section A and height h (see Fig. 1). The solid matter is burned in the furnace which
is at temperature Ts,oe- The volume of gases produced per unit time in the furnace is B.

Assume that:

e the velocity of the gases in the furnace is negligibly small

e the density of the gases (smoke) does not differ from that of the air at the same temperature
and pressure; while in furnace, the gases can be treated as ideal

e the pressure of the air changes with height in accordance with the hydrostatic law; the
change of the density of the air with height is negligible

e the flow of gases fulfills the Bernoulli equation which states that the following quantity is
conserved in all points of the flow:
%pvz(z) + pgz + p(z) = const,
where p is the density of the gas, v(z) is its velocity, p(z) is pressure, and z is the height

e the change of the density of the gas is negligible throughout the chimney

® e

|
A

>
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Fig 1. Sketch of a chimney of height h with a furnace at temperature Tspoe -

Task 1

a) What is the minimal height of the chimney needed in order that the chimney functions
efficiently, so that it can release all of the produced gas into the atmosphere? Express your
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result in terms of B, A, Tai, g=9.81m/sz, AT=Tsmoke-Tair- Important: in all subsequent tasks
assume that this minimal height is the height of the chimney. (3.5 points)

b) Assume that two chimneys are built to serve exactly the same purpose. Their cross sections
are identical, but are designed to work in different parts of the world: one in cold regions,
designed to work at an average atmospheric temperature of -30 °C and the other in warm
regions, designed to work at an average atmospheric temperature of 30 °C. The temperature
of the furnace is 400 °C. It was calculated that the height of the chimney designed to work in
cold regions is 100 m. How high is the other chimney? (0.5 points)

c¢) How does the velocity of the gases vary along the height of the chimney? Make a
sketch/diagram assuming that the chimney cross-section does not change along the height.
Indicate the point where the gases enter the chimney. (0.6 points)

d) How does the pressure of the gases vary along the height of the chimney? (0.5 points)

Solar power plant

The flow of gases in a chimney can be used to construct a particular kind of solar power plant
(solar chimney). The idea is illustrated in Fig. 2. The Sun heats the air underneath the collector of
area S with an open periphery to allow the undisturbed inflow of air (see Fig. 2). As the heated air
rises through the chimney (thin solid arrows), new cold air enters the collector from its surrounding
(thick dotted arrows) enabling a continuous flow of air through the power plant. The flow of air
through the chimney powers a turbine, resulting in the production of electrical energy. The energy of
solar radiation per unit time per unit of horizontal area of the collector is G. Assume that all that
energy can be used to heat the air in the collector (the mass heat capacity of the air is ¢, and one can
neglect its dependence on the air temperature). We define the efficiency of the solar chimney as the
ratio of the kinetic energy of the gas flow and the solar energy absorbed in heating of the air prior to
its entry into the chimney.
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solar radiation, G

Fig 2. Sketch of a solar power plant.

Task 2
a) What is the efficiency of the solar chimney power plant? (2.0 points)
b) Make a diagram showing how the efficiency of the chimney changes with its height. (0.4
points)

Manzanares prototype

The prototype chimney built in Manzanares, Spain, had a height of 195 m, and a radius 5 m.
The collector is circular with diameter of 244 m. The specific heat of the air under typical operational
conditions of the prototype solar chimney is 1012 J/kg K, the density of the hot air is about 0.9 kg/m>,
and the typical temperature of the atmosphere T, = 295 K. In Manzanares, the solar power per unit
of horizontal surface is typically 150 W/m? during a sunny day.

Task 3
a) What is the efficiency of the prototype power plant? Write down the numerical estimate.
(0.3 points)
b) How much power could be produced in the prototype power plant? (0.4 points)
¢) How much energy could the power plant produce during a typical sunny day? (0.3 points)
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Task 4

a) How large is the rise in the air temperature as it enters the chimney (warm air) from the
surrounding (cold air)? Write the general formula and evaluate it for the prototype chimney.
(1.0 points)

b) What is the mass flow rate of air through the system? (0.5 points)
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3. Simple model of an atomic nucleus

Introduction

Although atomic nuclei are quantum objects, a number of phenomenological laws for their basic
properties (like radius or binding energy) can be deduced from simple assumptions: (i) nuclei are
built from nucleons (i.e. protons and neutrons); (ii) strong nuclear interaction holding these nucleons
together has a very short range (it acts only between neighboring nucleons); (iii) the number of
protons (Z) in a given nucleus is approximately equal to the number of neutrons (N ), i.e.
Z~N=~A/2, where A is the total number of nucleons (A > 1). Important: Use these
assumptions in Tasks 1-4 below.

Task 1 - Atomic nucleus as closely packed system of nucleons
In a simple model, an atomic nucleus can be thought of as a ball consisting of closely packed

nucleons [see Fig. 1(a)], where the nucleons are hard balls of radius Iy =0.85fm (1 fm = 10" m).

The nuclear force is present only for two nucleons in contact. The volume of the nucleus V is larger
4
than the volume of all nucleons AV, whereV, =§r,f7r. The ratio f = AV, /Vis called the

packing factor and gives the percentage of space filled by the nuclear matter.

@ (b)
r'*“‘w;\ /

Cc @3”

Fig. 1. (a) An atomic nucleus as a ball of closely packed nucleons.
(b) The SC packing.

a) Calculate what would be the packing factor f if nucleons were arranged in a “simple cubic”

(SC) crystal system, where each nucleon is centered on a lattice point of an infinite cubic
lattice [see Fig. 1(b)]. (0.3 points)

Important: In all subsequent tasks, assume that the actual packing factor for nuclei is equal to the
one from Task 1a. If you are not able to calculate it, in subsequent tasks use f =1/2.

b) Estimate the average mass density p,,, charge density p., and the radius R for a nucleus

having A nucleons. The average mass of a nucleon is 1.67-10% kg. (1.0 points)
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Task 2 - Binding energy of atomic nuclei - volume and surface terms
Binding energy of a nucleus is the energy required to disassemble it into separate nucleons and it

essentially comes from the attractive nuclear force of each nucleon with its neighbors. If a given
nucleon is not on the surface of the nucleus, it contributes to the total binding energy with a,= 15.8
MeV (1 MeV = 1.602-10" J). The contribution of one surface nucleon to the binding energy is

approximately a,/2. Express the binding energy E, of a nucleus with A nucleons in terms of A a,,

and f

, and by including the surface correction. (1.9 points)

Task 3 - Electrostatic (Coulomb) effects on the binding energy

b)

The electrostatic energy of a homogeneously charged ball (with radius R and total charge Q)
is U, =ﬂ, where &, =8.85-10"° C*N"'m™.

207s,R
Apply this formula to get the electrostatic energy of a nucleus. In a nucleus, each proton is
not acting upon itself (by Coulomb force), but only upon the rest of the protons. One can
take this into account by replacing Z? — Z(Z -1) in the obtained formula. Use this

correction in subsequent tasks. (0.4 points)
Write down the complete formula for binding energy, including the main (volume) term, the
surface correction term and the obtained electrostatic correction. (0.3 points)

Task 4 - Fission of heavy nuclei
Fission is a nuclear process in which a nucleus splits into smaller parts (lighter nuclei). Suppose that a

nucleus with A nucleons splits into only two equal parts as depicted in Fig. 2.

a)

b)

Calculate the total kinetic energy of the fission products E,;, when the centers of two lighter

nuclei are separated by the distanced > ZR(A/ 2), where R(A/ 2) is their radius. The large
nucleus was initially at rest. (1.3 points)
Assume that d = 2R(A/2) and evaluate the expression for E, obtained in part a) for A=

100, 150, 200 and 250 (express the results in units of MeV). Estimate the values of A for
which fission is possible in the model described above? (1.0 points)

JNIL

<)
-0~

Fig. 2. A schematic description of nuclear fission in our model.
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Task 5 - Transfer reactions

a)

In modern physics, the energetics of nuclei and their reactions is described in terms of

masses. For example, if a nucleus (with zero velocity) is in an excited state with energy E_,.

above the ground state, its mass is m=m, + E,. /c*, where mj is its mass in the ground

state at rest. The nuclear reaction **0+>*Fe—"2C+>®Ni is an example of the so-called “transfer
reactions”, in which a part of one nucleus (“cluster”) is transferred to the other (see Fig. 3). In
our example the transferred part is a “He-cluster (& -particle). The transfer reactions occur
with maximum probability if the velocity of the projectile-like reaction product (in our case:
12C) is equal both in magnitude and direction to the velocity of projectile (in our case: *°0).
The target >*Fe is initially at rest. In the reaction, *®Ni is excited into one of its higher-lying
states. Find the excitation energy of that state (and express it units of MeV) if the kinetic
energy of the projectile *°0 is 50 MeV. The speed of light is c= 3-10% m/s. (2.2 points)

1. M(*®0) | 15.99491 a.m.u.
2. M(**Fe) | 53.93962 a.m.u.
3. M(**C) | 12.00000 a.m.u.
4. M(*®Ni) | 57.93535 a.m.u.
Table 1. The rest masses of the reactants in their ground states. 1 a.m.u.= 1.6605-10" kg.

b)

The **Ni nucleus produced in the excited state discussed in the part a), deexcites into its
ground state by emitting a gamma-photon in the direction of its motion. Consider this decay
in the frame of reference in which **Ni is at rest to find the recoil energy of **Ni (i.e. kinetic
energy which *®Ni acquires after the emission of the photon). What is the photon energy in
that system? What is the photon energy in the lab system of reference (i.e. what would be
the energy of the photon measured in the detector which is positioned in the direction in
which the *®Ni nucleus moves)? (1.6 points)

1860 12Q

54Fa @ SBNi

BEFORE AFTER

Fig. 3. The schematics of a transfer reaction.
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The 41° International Physics Olympiad
Croatia
Experimental Competition
Wednesday, July 21%, 2010

Please read this first:

M 0w N

The time given is 5 hours.
There are two experimental problems. Each experiment is awarded 10 points.
Use only the provided setup, pencil, and sheets.

Write your solutions in the Answer sheets. Working sheets can be used if necessary.
All will be considered for marks.

When using working sheets:
- Use only the front side of the paper. Start each part on a fresh sheet of paper.

On every paper, write:

1) the Task No. for the task attempted

2) the Page No. - the progressive number of each sheet for that part
3) the Total No. of Pages used for that part

4) your Country Code and your Student Code

Write concisely — Limit the use of text to minimum. Use equations, numbers,
symbols, figures and graphs as far as possible.

Cross out pages that you do not wish to be marked. Do not include them in your
numbering.

For each task, use the Answer Sheet to fill in your final answer in the appropriate
box. Give the appropriate number of significant figures. Remember to state the units.

When you have finished, arrange all sheets in this order for each part:

- the Answer Sheet

- writing sheets that you wish to be marked

- writing sheets that you do not wish to be marked

Place all unused sheets, graph papers and the question paper at the bottom.

8. Clip all sheets together and leave them on your desk.

9. You are not allowed to take any sheet of paper or any material used in the experiment

out of the examination hall.
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Separate instructions for using the scale

The scale is turned ON-OFF by the right button.

The middle button (Z/T) sets the digits to zero, that is, this is the TARA function.
The left button can be used to change units.

Instruction: Put units to grams in case it is in other units!

Separate instructions for using the press

The press is used in both problems. The upper part of the press is turned up-side down in
the second experiment as compared to the first. Its position is illustrated in the tasks
themselves. The stone is to be placed on the upper part of the press. Its weight helps the
upper part of the press to slide down when you turn the wing-nut (if you find necessary,
you can gently press the upper part by your hand (close to the vertical bar) while you turn
the wing nut to ensure smooth sliding of the press). For performing measurements, you
should use the fact that the upper part of the press moves 2 mm when the wing nut
is rotated 360 degrees.
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SAFETY WARNING

You should be careful when playing with the wooden stick, the rod
magnet and the hollow cylinder.

Be careful not to stick the wooden stick in your eyes!!!
Do not look with your eyes into the hollow cylinder when playing with

the rod magnet inside the cylinder. It can be ejected from the cylinder
and injure your eyes.
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Experimental problem 1

There are two experimental problems. The setup on your table is used for both problems. You have 5
hours to complete the entire task (1&2).

Experimental problem 1: Elasticity of sheets

Introduction

Springs are objects made from elastic materials which can be used to store mechanical energy. The
most famous helical springs are well described in terms of Hooke’s law, which states that the force
with which the spring pushes back is linearly proportional to the distance from its equilibrium length:
F = —KAX, where K is the spring constant, AX is the displacement from equilibrium, and F is the
force [see Fig. 1(a)]. However, elastic springs can have quite different shapes from the usual helical
springs, and for larger deformations Hooke’s law does not generally apply. In this problem we
measure the properties of a spring made from a sheet of elastic material, which is schematically
illustrated in Fig. 1(b).

(a) ﬁ (b) m

R,)| 2R,

Figure 1. lllustrations of (a) a helical spring and (b) a spring made from a sheet of elastic material
rolled up into a cylinder. When the latter spring is sufficiently compressed, its shape can be

approximated as a stadium with two semicircles of radii R, (see text).

Transparent foil rolled into a cylindrical spring

Suppose that we take a sheet of elastic material (e.g. a transparent foil) and bend it. The more we
bend it, the more elastic energy is stored in the sheet. The elastic energy depends on the curvature
of the sheet. Parts of the sheet with larger curvature store more energy (flat parts of the sheet do
not store energy because their curvature is zero). The springs used in this experiment are made from
rectangular transparent foils rolled into cylinders (see Fig. 2). The elastic energy stored in a cylinder is

1
EeIZELZA' ( )
2R

c
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where A denotes the area of the cylinder's side (excluding its bases), R, denotes its radius, and the

parameter x, referred to as the bending rigidity, is determined by the elastic properties of the
material and the thickness of the sheet. Here we neglect the stretching of the sheets.

Figure 2. A schematic picture of an elastic sheet rolled into a cylinder of radius R_and length 1.

Suppose that such a cylinder is compressed as in Fig. 1(b). For a given force applied by the press ( F ),
the displacement from equilibrium depends on the elasticity of the transparent foil. For some
interval of compression forces, the shape of the compressed transparency foil can be approximated
with the shape of a stadium, which has a cross section with two straight lines and two semicircles,

both of radius R . It can be shown that the energy of the compressed system is minimal when

e (2)

R?=—~=
° 2F

The force is measured by the scale calibrated to measure mass m,so F =mg, g = 9.81 m/s”.

Experimental setup (1st problem)
The following items (to be used for the 1°* problem) are on your desk:

1. Press (together with a stone block); see separate instructions if needed

2. Scale (measures mass up to 5000 g, it has TARA function, see separate instructions if needed)

3. Transparency foils (all foils are 21 cm x 29.7 cm, the blue foil is 200 um thick, and the
colorless foil is 150 um thick); please, do ask for the extra foils if you need them.

4. Adhesive (scotch) tape

5. Scissors

6. Ruler with a scale

7. Avrectangular wooden plate (the plate is to be placed on a scale, and the foil sits on the plate)

The setup is to be used as in Fig. 3. The upper plate of the press can be moved downward and
upward using a wing nut, and the force (mass) applied by the press is measured with the scale.
Important: The wing nut moves 2 mm when rotated 360 degrees. (Small aluminum rod is not used
in Experiment 1.)
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Figure 3. The photo of a setup for measuring the bending rigidity.

Tasks
1. Roll the blue foils into cylinders, one along the longer side, and the other along its shorter side;
use the adhesive tape to fix them. The overlap of the sheet should be about 0.5 cm.
(a) Measure the dependence of the mass read by the scale on the separation between the
plates of the press for each of the two cylinders. (1.9 points)
(b) Plot your measurements on appropriate graphs. Using the ruler and eye as the guide,
draw lines through the points and determine the bending rigidities x for the cylinders.
Mark the region where the approximate relation (the stadium approximation) holds.

R
Estimate the value of R—O below which the stadium approximation holds; here R_is the
C

radius of the non-laden cylinder(s). (4.3 points)
The error analysis of the results is not required.

Measure the bending rigidity of a single colorless transparent foil. (2.8 points)
The bending rigidity x depends on the Young’s modulus Y of elasticity of the isotropic
material, and the thickness d of the transparent foil according to
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Yd?® (3)
K= . o\
12(1-v?)

where Vis the Poisson ratio for the material; for most materials V = 1/3 . From the previous
measurements, determine the Young’s modulus of the blue and the colorless transparent
foil. (1.0 points)
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Experimental problem 2

There are two experimental problems. The setup on your table is used for both problems. You have 5
hours to complete the entire task (1&2).

Experimental problem 2: Forces between magnets, concepts of
stability and symmetry

Introduction

Electric current | circulating in a loop of area S creates a magnetic moment of magnitude m= 1S
[see Fig. 1(a)]. A permanent magnet can be thought of as a collection of small magnetic moments of
iron (Fe), each of which is analogous to the magnetic moment of a current loop. This (Ampere’s)
model of a magnet is illustrated in Fig. 1(b). The total magnetic moment is a sum of all small magnetic
moments, and it points from the south to the northern pole.

(a) (b)
1 s n n N h

Figure 1. (a) lllustration of a current loop and the produced magnetic field. (b) Ampére’s model of a
magnet as a collection of small current loops.

Forces between magnets

To calculate the force between two magnets is a nontrivial theoretical task. It is known that like poles
of two magnets repel, and unlike poles attract. The force between two current loops depends on the
strengths of the currents in them, their shape, and their mutual distance. If we reverse the current in
one of the loops, the force between them will be of the same magnitude, but of the opposite
direction.

In this problem you experimentally investigate the forces between two magnets, the ring-magnet
and the rod-magnet. We are interested in the geometry where the axes of symmetry of the two
magnets coincide (see Fig. 2). The rod-magnet can move along the Z - axis from the left, through the
ring-magnet, and then towards the right (see Fig. 2). Among other tasks, you will be asked to
measure the force between the magnets as a function of Z . The origin z = 0 corresponds to the
case when the centers of the magnets coincide.
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Figure 2. The rod- and the ring-magnet are aligned. The force between them changes as the rod-
magnet moves along the Z - axis.

To ensure motion of the rod-magnet along the axis of symmetry ( Z - axis), the ring-magnet is firmly
embedded in a transparent cylinder, which has a narrow hole drilled along the Z - axis. The rod-
magnet is thus constrained to move along the Z- axis through the hole (see Fig. 3). The
magnetization of the magnets is along the Z - axis. The hole ensures radial stability of the magnets.

Figure 3. Photo of two magnets and a transparent hollow cylinder; the rod-magnet moves through
the cylinder’s hole.

Experimental setup (2nd problem)
The following items (to be used for the 2™ problem) are on your desk:

Press (together with a stone block); see separate instructions if needed

Scale (measures mass up to 5000 g, it has TARA function, see separate instructions if needed)
A transparent hollow cylinder with a ring-magnet embedded in its side.

One rod-magnet.

One narrow wooden stick (can be used to push the rod magnet out of the cylinder).

vk wnN e

The setup is to be used as in Fig. 4 to measure the forces between the magnets. The upper plate of
the press needs to be turned up-side-down in comparison to the first experimental problem. The
narrow Aluminum rod is used to press the rod-magnet through the hollow cylinder. The scale
measures the force (mass). The upper plate of the press can be moved downwards and upwards by
using a wing nut. Important: The wing nut moves 2mm when rotated 360 degrees.
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Figure 4. Photograph of the setup, and the way it should be used for measuring the force between
the magnets.

Tasks
1.

Determine qualitatively all equilibrium positions between the two magnets, assuming that
the Z - axis is positioned horizontally as in Fig. 2, and draw them in the answer sheet. Label
the equilibrium positions as stable (S)/unstable (U), and denote the like poles by shading, as
indicated for one stable position in the answer sheet. You can do this Task by using your
hands and a wooden stick. (2.5 points)

By using the experimental setup measure the force between the two magnets as a function
of the Z - coordinate. Let the positive direction of the Z - axis point into the transparent
cylinder (the force is positive if it points in the positive direction). For the configuration when

the magnetic moments are parallel, denote the magnetic force by FTT (2), and when they

are anti-parallel, denote the magnetic force by F,, (Z). Important: Neglect the mass of the

rod-magnet (i.e., neglect gravity), and utilize the symmetries of the forces between
magnets to measure different parts of the curves. If you find any symmetry in the forces,
write them in the answer sheets. Write the measurements on the answer sheets; beside
every table schematically draw the configuration of magnets corresponding to each table (an
example is given). (3.0 points)

By using the measurements from Task 2, use the millimeter paper to plot in detail the

functional dependence F?T (z2)for z>0. Plot schematically the shapes of the curves

F (2) and F, (2) (along the positive and the negative Z - axis). On each schematic graph
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denote the positions of the stable equilibrium points, and sketch the corresponding
configuration of magnets (as in Task 1). (4.0 points)

If we do not neglect the mass of the rod magnet, are there any qualitatively new stable
equilibrium positions created when the Z - axis is positioned vertically? If so, plot them on
the answer sheet as in Task 1. (0.5 points)
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Write all symmetries that you find for the force between magnets:
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Solution - Image of a charge

1/8

Solution of Task 1
Task 1a)

As the metallic sphere is grounded, its potential vanishes, V=0.
Task1b)

Let us consider an arbitrary point B on the surface of the sphere as depicted in Fig. 1.

Fig 1. The potential at point B is zero.

The distance of point B from the charge q' is

r=VR2+d? —2Rd cosa

(1)

whereas the distance of the point B from the charge q is given with the expression

ro = vVR2+ d> — 2Rdcosa

(2)

The electric potential at the point B is

1 (a4

V =

dme, \ry T

(3)

This potential must vanish,

/

s T

(4)

i.e. its numerical value is 0 V.
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Combining (1), (2) and (3) we obtain

2/8

R*+ d* —2Rdcosa = (£> (RB +d7 - 2Rd”cosa}

q.f

(5)

As the surface of the sphere must be equipotential, the condition (5) must be satisfied for every

angle a what leads to the following results

d?_l_ RZ — E (RE _I_dFZ}

q.f

and

a\",
dR= (=) (R
7) @R

(7)

By solving of (6) and (7) we obtain the expression for the distance d' of the charge q' from the center

of the sphere

Task 1c)

Finally, the magnitude of force acting on the charge q is

Fo 1 q°Rd
B 47, (d2 —R2)2

(10)

The force is apparently attractive.

Solution of Task 2
Task 2a)

The electric field at the point A amounts to
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A 4 2 Axe ( Ry 2 T 11
?TE(] T Iy 0 (T _ d + ?) ( )
Task 2b)

For very large distances r we can apply approximate formula (1+a)” = 1-2a to the expression (11)

what leads us to

. ] E B Ri
= 1 (1-3)a, 1 Zqi(d_d)

4 = - T — S
'—L?TE,;] = '—l—'fTE(] T

G

(12)

In general a grounded metallic sphere cannot completely screen a point charge g at a distance d
(even in the sense that its electric field would decrease with distance faster than 1//%) and the

dominant dependence of the electric field on the distance ris as in standard Coulomb law.

Task 2c)

In the limit d = R the electric field at the point A vanishes and the grounded metallic sphere screens

the point charge completely.

Solution of Task 3

Task 3a)

Let us consider a configuration as in Fig. 2.

Fig 2. The pendulum formed by a charge near a grounded metallic sphere.

The distance of the charge q from the center of the sphere is
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. . P (13)
d= 12+ L* — 2IL cos a
The magnitude of the electric force acting on the charge q is
_ . (14)
1 qq’ 1 q-Rd
*.I:'}TE(] (d— d;)g 471'5(} (dg — RZ)E
From which we have
Fo 1 q%RV12 + L% - 2ILcos (15)
4z, (12 + 12 - 2ILcos — R? )
Task 3b)
The direction of the vector of the electric force (17) is described in Fig. 3.
I
Fig 3. The direction of the force F.
The angles o and B are related as
(16)

Lsina = dsin 3

whereas for the angle y the relation y=a+p is valid. The component of the force perpendicular to the

thread is F siny, that is,

1 g°RVIZ+L°-2ILcose
F, = 2 2 2
4re, (17 + 12 — 2l cos  — R? )

>sin(a + f3)

where

L

sin @)
VL2 +12 - 2Llcosa

S =arcsin(

(17)
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Task 3c)

The equation of motion of the mathematical pendulum is

mLé =—F, (18)

As we are interested in small oscillations, the angle o is small, i.e. for its value in radians we have a
much smaller than 1. For a small value of argument of trigonometric functions we have approximate
relations sin x = x and cos x = 1-x°/2. So for small oscillations of the pendulum we have
L~all(l-L) and y=la/(l-L).

Combining these relations with (13) we obtain

2 2 (19)
de “ . L d Rd2)2 (1+£)a20

dt>  4rg, (dZ _R d
Where d =1 — L what leads to
(20)
w9 | Rd i(ukj _
d*-R?*\ 4z, mL d
q RI 1 '

T (—L)? —R?\ 4, mL

Solution of Task 4
First we present a solution based on the definition of the electrostatic energy of a collection of
charges.

Task 4a)

The total energy of the system can be separated into the electrostatic energy of interaction of the
external charge with the induced charges on the sphere, E.;, and the electrostatic energy of mutual
interaction of charges on the sphere, Eg, i.e.

(21)

Ee = Ee1+ Feo

Let there be N charges induced on the sphere. These charges q;are located at points

FJ-, J=1...,N on the sphere. We use the definition of the image charge, i.e., the potential on the

surface of the sphere from the image charge is identical to the potential arising from the induced
charges:
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q
r-d

’

a;
Ll

ZN:
j=1

(22)

where T is a vector on the sphere and d'denotes the vector position of the image charge. When F

coincides with some T;, then we just have

R-d} Gan-h (23)
From the requirement that the potential on the surface of the sphere vanishes we have
9, 9 g
‘r—d‘ h—d‘ (24)
where d denotes the vector position of the charge (T is on the sphere).
For the interaction of the external charge with the induced charges on the sphere we have
e~ 4 ﬁ: % _ 1 99 1 q9q 1 ¢°R

M A, 5 ‘rl _&‘ Are, ‘J_a‘ g, d—d' 4me, d° —R? (25)

Here the first equality is the definition of this energy as the sum of interactions of the charge g with
each of the induced charges on the surface of the sphere. The second equality follows from (21).

In fact, the interaction energy E,, follows directly from the definition of an image charge.

Task 4b)

The energy of mutual interactions of induced charges on the surface of the sphere is given with
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C11 & g
4272 e, .1§j r|
N q- ~
247&921: ‘ J‘_
113 q

2 47[80 o1 ‘r _d‘

1 1 qqq" 1 1 qq

11 ¢°R

547590 ‘J_J‘ T2 4re, d —d

'_54%0 d? -

(26)

Here the second line is obtained using (22). From the second line we obtain the third line applying

(23), whereas from the third line we obtain the fourth using (22) again.

Task 4c)

Combining expressions (19) and (20) with the quantitative results for the image charge we finally

obtain the total energy of electrostatic interaction

11 qu
Eel(d)__§4 dZ_RZ
o (27)
An alternative solution follows from the definition of work. By knowing the integral
(28)

T xdx 1 1
d(xz_Rz)Z_Zdz—Rz

We can obtain the total energy in the system by calculating the work needed to bring the charge g

from infinity to the distance d from the center of the sphere:

E, (d)= —j F(X)dx =T F(X)dX =

RN q°Rx B
_g( )472'50 (xz—Rz)2 =
1 1 ¢°R

 24me, d? -

(29)

This solves Task 4c).

The electrostatic energy between the charge g and the sphere must be equal to the energy between

the charges g and g’ according to the definition of the image charge:
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e .. 1 a _ 1 q°R (30)
M 4ze, (d-d') 4z, d?—R?

This solves Task 4a).

From this we immediately have that the electrostatic energy among the charges on the sphere is:

1 ¢°R (31)

4re, d? —R?

el,2 —

_1
2

This solves Task 4b).
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Solution - Chimney physics

This problem was inspired and posed by using the following two references:

=  W.W. Christie, Chimney design and theory, D. Van Nostrand Company, New York, 1902.

= ). Schlaich, R. Bergermann, W. Schiel, G. Weinrebe, Design of Commercial Solar Updraft
Tower Systems — Utilization of Solar Induced Convective Flows for Power Generation, Journal
of Solar Energy Engineering 127, 117 (2005).

Solution of Task 1
a) What is the minimal height of the chimney needed in order that the chimney functions
efficiently, so that it can release all of the produced gas in the atmosphere?

Let p(z)denote the pressure of air at height z; then, according to one of the assumptions

p(z) = p(0) — pu, 92, where p(0) is the atmospheric pressure at zero altitude.

Throughout the chimney the Bernoulli law applies, that is, we can write

1 (1)
EpSmokeV(Z)z + ParoredZ + Peie(2) = CONSL.,

where Pg.o(Z) is the pressure of smoke at height z, pg... is its density, and V(z)denotes the

velocity of smoke; here we have used the assumption that the density of smoke does not vary
throughout the chimney. Now we apply this equation at two points, (i) in the furnace, that is at point
Z =—¢, where ¢ is a negligibly small positive number, and (ii) at the top of the chimney where z =h
to obtain:

1 (2)
_:DSmokeV(h)2 +p5mokegh + psmoke(h) ~ psmoke(_g)

2

On the right hand side we have used the assumption that the velocity of gases in the furnace is

negligible (and also — pg,.,.9& = 0).

We are interested in the minimal height at which the chimney will operate. The pressure of smoke at
the top of the chimney has to be equal or larger than the pressure of air at altitude h ; for minimal

height of the chimney we have pg,.,..(N) = p(h) . In the furnace we can use Pg,.(—€) = P(0) . The

Bernoulli law applied in the furnace and at the top of the chimney [Eq. (2)] now reads

1 (3)
E:OSmokeV(h)2 + pSmokegh + p(h) ~ p(O) .

From this we get

(4)
v(h) :\/Zgh(ﬂ—lj.
pSmoke

The chimney will be efficient if all of its products are released in the atmosphere, i.e.,
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|| > —
V( ) A’

from which we have

>B2 1 1 (6)
_A2 29 pAir _1'

pSmoke

We can treat the smoke in the furnace as an ideal gas (which is at atmospheric pressure p(0) and

temperature Tg, . ). If the air was at the same temperature and pressure it would have the same

moke

density according to our assumptions. We can use this to relate the ratio Pp;, / Psmoket® Tsmoke! T air
that is,

v T (7)
Pic_ _ —Smoke " and finally
Psmoke Air

2 2
Bl T, BT, ®)
A? Zg TSmoke _TAir A’ Zg AT

For minimal height of the chimney we use the equality sign.

b) How high should the chimney in warm regions be?

T(30) (9)

h(30)  Tnoe —T(30)
h(-30)  T(=30)

Tooe — T(=30)

;h(30) =145m.

Smoke

c) How does the velocity of the gases vary along the height of the chimney?

The velocity is constant,

(10)
Vz\/zgh(ﬂ_lj:\/zgh(ﬂ_q: /zghﬂ.
P Smoke TAir TAir

This can be seen from the equation of continuity AV = CONSt.( g, is constant). It has a sudden

jump from approximately zero velocity to this constant value when the gases enter the chimney from

the furnace. In fact, since the chimney operates at minimal height this constant is equal to B, that is

v=B/A.

d) At some height z, from the Bernoulli equation one gets

psmoke(z) = p(O) - (pAir - pSmoke)gh ~ Psmoke9Z - (11)

Thus the pressure of smoke suddenly changes as it enters the chimney from the furnace and acquires
velocity.
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Solution of Task 2

a) The kinetic energy of the hot air released in a time interval At is

Ekin = %(A\/AtloHot)v2 = AVAtpHotgh £

Atm

7

(12)

Where the index “Hot” refer to the hot air heated by the Sun. If we denote the mass of the air that

exits the chimney in unit time with W= Avp,,, , then the power which corresponds to kinetic

energy above is

Pin = Wgh £ .

Air

(13)

This is the maximal power that can be obtained from the kinetic energy of the gas flow.

The Sun power used to heat the air is

P

Sun

=GS = WCAT .

(14)

The efficiency is evidently

(15)

b) The change is apparently linear.

Solution of Task 3
a) The efficiency is

N _ 50064 = 0.64%.

Atm

77:

(16)

b) The poweris

P =GSn=G(D/2)*zn = 45kw.

(17)

c) If there are 8 sunny hours per day we get 360kWh.

Solution of Task 4

The result can be obtained by expressing the mass flow of air Was

[ AT (18)
W= Avaot =A 2gh_pHot
TAir

GS (19)
W=——

CAT
which yields

2c2 (20)

AT = (85 Tam yis (g4

A’c’ pliy, 2gh
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From this we get

| w="760kg/s. | (21)
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Solution - model of an atomic nucleus

Solution of Task 1
a) Inthe SC-system, in each of 8 corners of a given cube there is one unit (atom, nucleon, etc.),
but it is shared by 8 neighboring cubes — this gives a total of one nucleon per cube. If

nucleons are touching, as we assume in our simplified model, then a = 2r,; is the cube edge

length a. The volume of one nucleon is then

3 3 (1)
Vy =ﬂr§7z=4(g) 7r=4i7z:£a3
3 3.2 3-8 6
from which we obtain
V 2
f=N_-2~052 @
a 6

b) The mass density of the nucleus is:

1027 (4)
pn=f M _g5p. L8710

Vy 4/3-(0.85-10% ) z

~340-10" X9
m

Taking into account the approximation that the number of protons and neutrons is
c) approximately equal, for charge density we get:

10-19 (5)
o, =ii= 0.52. 1.6-10 : z1.63-1025%
2Vy 2 4/3-(085-10%) x m
The number of nucleons in a given nucleus is A. The total volume occupied by the nucleus is:
v A, (6)
f 7’
which gives the following relation between radii of nucleus and the number of nucleons:
1/3 (7)
A v vz 085 143 1/3
R=rN(Tj =fT,3A = oo A =Lo6fm- A,

The numerical constant (1.06 fm) in the equation above will be denoted as r, in the sequel.

Solution of Task 2
First one needs to estimate the number of surface nucleons. The surface nucleons are in a

spherical shell of width 2r, at the surface. The volume of this shell is



41st international Physics Olympiad, Croatia — Theoretical Competition, July 19th 2010

4 4 3 (8)
\Y, =—Rz——=—(R-2r )7z =
surface 3 3( N)
4

:—Rsﬂ—ﬂR3ﬂ+ﬂ7r3R22rN —£7r3R4I’N2 +ﬂ7r8r,f
3 3 3 3 3

=87Rr, (R - 2r, )+gn8r§ =

=8n(R’ry, —2Rr? +%r§‘)

The number of surface nucleons is:

9
V.. 87(R’ry —2Rr} +;1rN3) ©)
_ f surface _ f _
Asurface VN 4 3
Iz

= f

(@)
7~ N\
z-1|;U
N—

N
|

N
7~ N\
zq|;U
N—

+
w| b
~__

Il

= f

(o]

A 2/3 A 1/3 4

— _2 — +—|=

f f 3
=6fl/3A2/3 _121:2/3A1/3+8f —

4
— 62/37[1/3A2/3 _ 2'61/37[2/3A1/3 -~

~ 4.84A%*"° —7.80A"° +4.19.
The binding energy is now:

Eb = (A o Asurface)av + Asurfacea?v =

(10)

a
= Aa, — =
\ Asurface 2
— Aav _(3fl/3A2/3 —Gf 2/3Al/3 +4f)av —
= Aa, —3f"°A%%a, +6f*°A%a, —4fa, =
— (15.8A—38.20A%"® + 61.58A'* —33.09)MeV

Solution of Task 3 - Electrostatic (Coulomb) effects on the binding energy
a) Replacing Q, with Ze gives the electrostatic energy of the nucleus as:
y - 3ze) _ 3z% (12)
‘ 20me,R  207,R
The fact that each proton is not acting upon itself is taken into account by replacing Z° with
2(2-1):
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3Z(Z -1)¢? (13)
°  20m,R

b) In the formula for the electrostatic energy we should replace R with Iy f 2 AY2 to obtain

2¢1/3 _ (14)
AEb:_se f Z(Zml)_ Z(Z 1) 13110 J
207, ry, A
= Z(AZ ) -0.815 MeV ~ -0.204A%*MeV + 0.409A %" MeV

where Z=A/2 has been used. The Coulomb repulsion reduces the binding energy, hence the
negative sign before the first (main) term. The complete formula for binding energy now

gives:

E, = Aa, —3f"°A*a, +6f?*°A"%a, —4fa, —

2§13 (A5/3 Az/s] (15)

20, ry \ 4 2

Solution of Task 4 - Fission of heavy nuclei
a) The kinetic energy comes from the difference of binding energies (2 small nuclei — the
original large one) and the Coulomb energy between two smaller nuclei (with Z/2=A/4
nucleons each):
A 1 A%? (16)
Fun(d) = 2E (2] Eb(A)_MgO 4.4.d
— _3f 1/3A2/3av (21/3 “1)+6f 2/3A1/3a (22/3 1)

_4fav ~ 3e2f1/3 |:A5/3 (2_2/3 _1) A:3 (21/3 1)}

20msyry | 4
1 A%
4re, 16d

(notice that the first term, Aa,, cancels out).

b) The kinetic energy when d = 2R(A/2) is given with:
A 1 21/3 AZeZ (17)
E. =2E | —|-E (A)- =
kin b(zj b( ) 472'60 16-2I’N A1/3f -1/3
=_3f1/3A2/3aV (21/3—1)+6f2/3A1/3av (22/3_1)
p2 §1/3 1/3 2£1/3
_4fa, - f 3 2> (2 l)+2— AS/3 _L{ 3 (23 - 1)}A2/3
80 128 7e,ly L 40
= (0.02203A5’3 —10.0365A%"% +36.175AY% —33.091)MeV

Numerically one gets:
A=100 ... Ex,= -33.95 MeV,
A=150 ... E;;,=-30.93 MeV,
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A=200 ... E4,=-14.10 MeV,
A=250 ... E;,= +15.06 MeV.

In our model, fission is possible whenE,, (d =2R(A/2))>0. From the numerical
evaluations given above, one sees that this happens approximately halfway between A=200
and A=250 — a rough estimate would be A=225. Precise numerical evaluation of the
equation:

E,, = (0.02203A%"° —10.0365A%"% +36.175A° —33.091)MeV > 0 (18)

gives that for A > 227 fission is possible.

Solution of Task 5 - Transfer reactions
Task 5a) This part can be solved by using either non-relativistic or relativistic kinematics.

Non-relativistic solution
First one has to find the amount of mass transferred to energy in the reaction (or the energy

equivalent, so-called Q-value):

— (totalmass) = (19)

before reaction

Am = (tOtaI mass)after reaction
=(57.93535+12.00000) a.m.u. — (53.93962 +15.99491) a.m.u. =
=0.00082a.m.u. =

=1.3616-10 % kg.

Using the Einstein formula for equivalence of mass and energy, we get:

Q = (total kinetic energy )..; eacion — (total Kinetic energy ), .o e reaction = (20)
=-Am-c® =
=-1.3616-107° - 299792458 = —1.2237-10 "% )
Taking into account that 1 MeV is equal to 1.602-10™ J, we get:
Q=-1.2237-10"/1.602-10 " = -0.761 MeV (21)

This exercise is now solved using the laws of conservation of energy and momentum. The
latter gives (we are interested only for the case when *>C and °O are having the same
direction so we don’t need to use vectors):

m(*ON(**0)=m(**C(*2C)+m(** Nip(**Ni) (22)

while the conservation of energy gives:

E, (**0)+Q=E, (*C)+E, (*Ni)+E,(*Ni) (23)
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where E(*®Ni) is the excitation energy of **Ni, and Qis calculated in the first part of this task.

But since **C and *°O have the same velocity, conservation of momentum reduced to:

0] = 0] =N @)

e, (i) = m(®Nip?(*Ni) _ [m(* Nip(ENi)f (25)
k 2 2m(** Ni)
_[m(*0)-m(=c)M=o)f _
2m(%* Ni)
(s [m(wo) (12C)]
= o)

and finally the excitation energy of >*Ni:

E,(**Ni)=E,(**0)+Q-E, (*C)-E, (**Ni)= (26)

e, (0)sg-miek"0). ¢ <160‘[m(1[5?&,)m((i§“§]2
-+ (*0)-£, (o) TS e (o)t Olnel
qve,tofs- o9 bleolalrel |

nl70)  mCN(O)
- (ro)t“0)-n=cl o) n(*0): nfc]

m(®Nim(*0)

Note that the first bracket in numerator is approximately equal to the mass of transferred

particle (the *He nucleus), while the second one is approximately equal to the mass of target

nucleus **Fe. Inserting the numbers we get:

(15.99491-12.)(57.93535-15.99491+12.) (27)

E, (**Ni)=-0.761+50-
57.93535-15.99491

=10.866 MeV

Relativistic solution

In the relativistic version, solution is found starting from the following pair of equations (the
first one is the law of conservation of energy and the second one the law of conservation of
momentum):

m(54Fe).CZ N m(16o)_C2 (12C) . *(58 Ni) (28)

J1-Vv2(*#0)/c? \/1 vi(2C)ic?  \1-v3(%eNi)/c?
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m(**0)-v(*0) _ m(2C)-v(*C) +m*(58Ni)ov(58Ni)
vi(Folier  Ji-v(EClier v PNi)ic

All the masses in the equations are the rest masses; the *Ni is NOT in its ground-state, but in

one of its excited states (having the mass denoted with m*). Since °C and *°0 have the same
velocity, this set of equations reduces to:

PN O 0o R
JLI-vE(0)re?  J1-vA(%Ni)/c?
(m(leo)— m(12 C)) v(16 O) B m*(58 Ni)~ v(58 Ni)

Ji-vi(®o)er J1-V2(%Ni)/c?

Dividing the second equation with the first one gives:

(o) ")) &

(m(0)-m(“C))+ m(*Feli_v: (*O)ic*

v(58Ni):

The velocity of projectile can be calculated from its energy:

e, (0)= Ok __piro) o .

J1-v3(®0)/c?
16 2
21 2 _ m( O)'C
N ey 7 e oy e

v2(*0)/c? =1—[ m(**0)- ¢ ) CZJz

E.(*°0)+m(**0)-

o)y enor)

For the given numbers we get:

2 8 2 2 (32)
W(#0)= i- 15.99491-1.6605-10 7 -(2.9979-10°f |
50-1.602-10** +15.99491- (2.9979-10° |

=+/1-0.99666° -c = 0.08172-c = 2.4498-10" km/s

Now we can calculate:

_120) 107 (33)
(15.99491-12.0)-2.4498-10" km/s  _ 16046.10° ki
(15.99491-12.0)+53.93962+/1— 0.08172*

v(58 Ni) =
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The mass of **Ni in its excited state is then:
(5810 1-vZ(*®Ni)/c® v (34)
 (#1)= n(0)-m{=c) i UNVE” vZo)
J1-v2(®0)/c? V( Ni)
1-(1.6945-10°/2.9979-10°  2.4498.10°
- (15.99491—12.0)‘/ : f 24408 10 amu
V1-0.08172° 1.6945-10
=57.9470 a.m.u.
The excitation energy of ®Ni is then:
E, =[m"(**Ni)-m(**Ni)|-¢? = (57.9470 - 57.93535)-1.6605-10 (2.9979-10° ] = (%)

=2.00722-107%/1.602-10* MeV/] =10.8636 MeV

The relativistic and non-relativistic results are equal within 2 keV so both can be considered
as correct —we can conclude that at the given beam energy, relativistic effects are not

important.

Task 5b) For gamma-emission from the static nucleus, laws of conservation of energy and

momentum give:

EX (SSNi): E}/ + Erecoil
p}/ = precoil

(36)

Gamma-ray and recoiled nucleus have, of course, opposite directions. For gamma-ray

(photon), energy and momentum are related as:

(37)

In part a) we have seen that the nucleus motion in this energy range is not relativistic, so we

have:
c P’ p. E? (38)
recoll = 2m(58Ni) - 2m(58Ni) - 2m(58Ni)-c2
Inserting this into law of energy conservation Eq. (36), we get:
2 (39)

EX(SSNi)= Ey + Erecoil = E}/ +ﬂ58_|<|iw

This reduces to the quadratic equation:
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E2 +2m(*Nik? - E, +2m(*®Ni)c2E, (*Ni)=0 (40)

which gives the following solution:

e —2m(**Ni? +4(m(** Ni? f +8m(®Nik2E, (¥Ni) (41)
r 2 -

= J(m(®Nik2) +2m(**Nik2E, (*Ni) - m(**Nik?

Inserting numbers gives:

Ey =10.8633 MeV (42)
The equation (37) can also be reduced to an approximate equation before inserting numbers:
E E |1 E, 10.8633 MeV )
= —_ = . e
g g Zmi 8 Nj Ez
The recoil energy is now easily found as:
E oo = E (*®Ni)—E, =1.1keV (44)

Due to the fact that nucleus emitting gamma-ray (*°Ni) is moving with the high velocity, the
energy of gamma ray will be changed because of the Doppler effect. The relativistic Doppler
effect (when source is moving towards observer/detector) is given with this formula:

1+ B (45)

f ¥ ,emitted m

= f

detector

and since there is a simple relation between photon energy and frequency (E=hf), we get the
similar expression for energy:

1+ (46)

E ¥ ,emitted m

=E

detector

where f=v/c and v is the velocity of emitter (the **Ni nucleus). Taking the calculated value of

the *®Ni velocity (equation 29) we get:

/ (47)
Edetector = E emitted 1+ ﬂ = 10863 —l+ 000565 = 10925 M eV
" 1-8 1-0.00565
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1/7

Task 1

(a)

m(g] Ro[mm]
21 40.5
25 39.5
29 38.5
31 37.5
34 36.5
36 35.5
39 34.5
43 33.5
46 32.5
50 315
53 30.5
57 29.5
62 28.5
67 27.5
73 26.5
79 25.5
86 24.5
94 23.5
102 22.5
113 21.5
124 20.5
137 19.5
150 18.5
168 17.5
189 16.5
212 15.5
274 13.5
417 10.5

Points

0.95
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(a)

m(g] Ro[mm]
40 29.9
42 29.8
45 29.6
47 29.4
50 29.3
52 29.1
54 28.9
57 28.8
59 28.6
61 28.4
64 28.3
71 27.8
78 27.3
92 26.3
105 25.3
118 243
129 23.3
143 223
157 21.3
171 20.3
189 19.3
211 18.3
235 17.3
259 16.3
293 15.3
336 14.3
386 13.3

449 12.3

2/7

Points

0.95
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Task 1 Points
(b) 2000 T ] . - 1.4
N._|
E *
.§, +
~ o 1500 -
(a e o +
o+
0’.’ +
R
a
1000 + 1
oF
+
‘+.0
+#
:":v
_jj'
500 r j_d- .
+
*
*
&
Ra
0'*
O hd 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05
1/m[1/9g]

a = 50000 g mm’
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Task 1 Points
(b) 1000 ' ' 1.4
' g +++ + + + +
'." ++
8007 A
~ +
&
é 600 1
N o
(n
400 ]
200 T
0 N | | | 1 1
0 0.005 0.01 0.015 0.02 0.025 0.03
1/m [1/g]

a = 70000 g mm’
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5/7

Task1 | Points
(b) 0.5
2ag
K= - —1.5mlJ
» 2ag 0.5
& < & < 0.5
r =0.70 R ~0.77 -
c c
Task 2 Points
0.9
m[g] Ro[mm]
6 42.5
7 42.
9 41.
12 39.5
15 37.5
19 35.5
20 34.5
21 33.5
24 32.5
26 31.5
28 30.5
30 29.5
33 28.5
36 27.5
40 26.5
44 25.5
48 24.5
53 23.5
58 22.5
66 21.5
73 20.5
82 19.5
92 18.5
104 17.5
116 16.5
127 15.5
145 14.5
168 13.5
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6/7

2000 ' '

NE

é 1500
N O

oc

a=27000 g mm’

{ox
o+
"'l +
1000} St 1
i+
L+
i+
o
I
500 # ]
/
O ll 1 1 1
012 0.14 0.16 018

0 002 0.04 0.06 0.08 0.1

1/m [1/9g]

Task 2 Points
T T T T 0-9
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Task2 | ~ Paints
1.0
K =0.8m)

Task 3 ‘ Points
Young modulus of the blue foil: 0.6
Y=2.0 GPa Y=2.0 GPa
Young modulus of the colorless foil: 04
Y=2.5 GPa

Total: 10
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Solution - Exp. Problem 2

Task 1 Points

() v 0.25

0.45

(s) v
-

@ U 0.45

s @ 0.45
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0.45

N0

s (V) 0.45

Task 2 Points
Symmetries that should be utilized in the measurements: 06
7

Fry (2) =—-F (-2)
Fr. (0 =-F4 (@)
From the two above one gets also Fy, (2) = —F., (~2)

By using the setup as it is, the whole curve can be measured by starting the 08
measurements from three stable equilibrium points; the equilibrium point ’
(z0) can be measured also by using the setup.

Configuration:

Measurements:
z0=0mm m [g] Az [mm]
0 0
31 1
55 2
75 3
97 4
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3/6

119 5
140 6
158 7
171 8
170 9
118 10
85 10,25
50 10,5
10 10,75
Configuration: l 0’8
Measurements:
z0=10.8mm m [g] Az [mm]
0 0
233 1
538 2
927 3
996 3,5
1124 4
1154 4,5
1213 5
1212 5,5
1120 6
873 6,5
284 7
36 7,5
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Configuration: 0,8
Measurements:
z0=18.6mm m [g] Az [mm)]

0 0

116 1

170 2

186 3

184 4

169 5

150 6

116 8

89 10

67 12

53 14

36 16

27 18

23 20

14 22

9 24

26

28

Task 3 Points
2

Due to symmetry, it is sufficient to plot e.g., the following graph in detail:
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F31(2)IN]

Fy(2) 1
Fp\(2) 1

Task 4 Points
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0,5
—
OR
[—
Total: 10.0
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1. A Three-body Problem and LISA

FIGURE 1 Coplanar orbits of three bodies.

1.1 Two gravitating masses M and m are moving in circular orbits of radii R and r,
respectively, about their common centre of mass. Find the angular velocity w, of the line

joining M and m interms of R,r, M, m and the universal gravitational constant G .
[1.5 points]

1.2 A third body of infinitesimal mass . is placed in a coplanar circular orbit about the same
centre of mass so that p remains stationary relative to both M and m as shown in Figure 1.
Assume that the infinitesimal mass is not collinear with M and m _Find the values of the
following parameters in terms of R and r:

[3.5 points]
1.2.1 distance fromp to M .

1.2.2 distance from p to m.
1.2.3 distance from g to the centre of mass.
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1.3 Consider the case M = m. If u is now given a small radial perturbation (along O ), what
is the angular frequency of oscillation of 1 about the unperturbed position in terms of «, ?
Assume that the angular momentum of . is conserved. [3.2 points]

The Laser Interferometry Space Antenna (LISA) is a group of three identical spacecrafts for
detecting low frequency gravitational waves. Each of the spacecrafts is placed at the corners of an
equilateral triangle as shown in Figure 2 and Figure 3. The sides (or ‘arms’) are about 5.0 million
kilometres long. The LISA constellation is in an earth-like orbit around the Sun trailing the Earth by

20°. Each of them moves on a slightly inclined individual orbit around the Sun. Effectively, the
three spacecrafts appear to roll about their common centre one revolution per year.

They are continuously transmitting and receiving laser signals between each other. Overall, they
detect the gravitational waves by measuring tiny changes in the arm lengths using interferometric
means. A collision of massive objects, such as blackholes, in nearby galaxies is an example of the
sources of gravitational waves.

— =~
7 \
-
{/’v\\\ l
|| \\ \ /
/l\,‘\ \ j \. -
\ |
HINAS 777
',.| »"- > -
f“\i N
F < /7
o W
s
) S _’
S T .- P /
T o7 Rl - |
X \1 4,/ A /I s/ #
- W A ‘\

FIGURE 2 Illustration of the LISA orbit. The three spacecraft roll about their centre of mass with a
period of 1 year. Initially, they trail the Earth by 20°  (Picture from D.A. Shaddock, “An Overview

of the Laser Interferometer Space Antenna”, Publications of the Astronomical Society of Australia,
2009, 26, pp.128-132.).
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FIGURE 3 Enlarged view of the three spacecrafts trailing the Earth. A, B and
C are the three spacecrafts at the corners of the equilateral triangle.

1.4 In the plane containing the three spacecrafts, what is the relative speed of one spacecraft with
respect to another? [1.8 point]
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I. Solution
1.1 Let O be their centre of mass. Hence
MR -mr=0 (1)
) GMm
ma,r = 2
(R+r) @
MR = GMm2
(R+r)
G(M
From Eq. (2), or using reduced mass, @ = (—JFT)
(R+T)
Hence, w? = GM+Am) _ GM __ Gm (3)
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1.2 Since u isinfinitesimal, it has no gravitational influences on the motion of neither M nor
m. For u toremain stationary relative to both M and m we must have:

G(M+m
Mz’ucosé?l+G—n;’ucosé?2 = uawip = (—+3)'u ........................... (4)
h A (R+r)
G'vlz’usiné?l = G—n;’usine2 ........................... (%)
h I
. .. GM : : L
Substituting—— from Eq. (5) into Eq. (4), and using the identity
1
sin @, cos é, +cos g, sin b, =sin(6, +6,) , we get
i M +m
msm(6?12+6?2) =( 3),osin6?l ........................... (6)
I, (R+r)
The distances r,and p, the angles 4, and 6, are related by two Sine Rule equations
siny, _ sing,
P R
. L (7)
siny, _sin(6,+6,)
r, R+r
Substitute (7) into (6)
M +m
13= R Z ( ) (10)
Lo (R+r) m
Since — 1 =R Eq(10) gives
Mam Rir' g
nL=R+r (11)
By substituting (i—';n from Eq. (5) into Eq. (4), and repeat a similar procedure, we get
2
r=R+r (12)
Alternatively, _ g = _R and _rz = _r
sin(180°—¢)  sing, sing ~ sind,
sing, _R ., _m 15
siné, rn M

Combining with Eq. (5) givesr, =,
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Hence, it is an equilateral triangle with

=60°
VTR (13)
v, =60°
The distance p is calculated from the Cosine Rule.
2=r?>+(R+r)*-2r(R+r)cos60°
P ( ) ( YOS (14)

p=~r>+rR+R?

Alternative Solutionto 1.2

Since u is infinitesimal, it has no gravitational influences on the motion of neither M nor
m.For x to remain stationary relative to both M and m we must have:

G(M+m
GMﬂcose +G ﬂcos@ = uo’p = (—3)’up ........................... 4)
I ry (R+r)
GM’usme Gm ’usme ........................... (5)
r’ 3
Note that - d = _R
sin(180°—¢)  sing,
r, r .
= see figure
sing  siné, ( gure)
s, _ R & M B 6)
sing, rr M
Equations (5) and (6): =1 (7)
siné, m
—L = — (8)
sing, M
Wi =W, 9)
The equation (4) then becomes:
(M +m)
M cosé, +mcos6, = 20 e (10)
(R+r)
M+m r’p .
Equations (8) and (10): sin(&,+6,) = =SNG0, L (11)
M (R+r)
. P r
Note that from figure, = (12)

siny, siné,
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: . M+m r’r .
Equations (11) and (12): sin(6,+6,) = SSiny, (13)
(R+r)
Also from figure,
(R+r)" = r7—2rr,c08(6,+6,)+1 = 262 [1-c0os(6,+6,)]  oevvvirinnne. (14)
Equations (13) and (14): sin(6,+6,) = Ll < T (15)

2[1-cos(6,+6,)]
6,+6, =180 —y, —y, = 180" -2y, (see figure)

cosy, = %, v, = 607, v, = 60°

Hence M and m from an equilateral triangle of sides (R+)

Distance u# to M is R+r
Distance ¢ to mis R+r

2 2
Distance £ toOis p = \/(M—Rj +{(R+r)§} = VRZ+Rr+r?

2

1.3 The energy of the mass y is given by

GM Gm d
2R SR LA ((CEY 4 0207 e (15)
I r dt

Since the perturbation is in the radial direction, angular momentum is conserved
(r,=r,=Rand m = M),

E=

2GM dp., p o’
E=————+3iul () +225- 16
™ zﬂ[(dt) P (16)
Since the energy is conserved,
dE
— =0
dt
2 4 2
d—Ezze'\f”d—mwd—pdf— Lo % 9P o (17)
dt R dt dt dt p° o dt
R _dRdp_dpp (18) » \ R

dt dp dt  dt W
2
dE _26Mu dp  dpdp  peey dp_j

d % Zdt Ha ae oo dt
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. dp
Since — =0, we have

2GM d’p B o) _0or

R° dt? X

2 4 2

Oc'jtf :_2;2” p°p‘;’° e, (20)
The perturbation from R and p, gives R =R, [HEAR_ER] and p = p, [1+A—’0] :

0 0

Then

d? d? 2GM A ‘o
dt'f:?(po+Ap):——3po(l+p—pj+ Ao Z PP 1)

R (1+A5Rj P [1+pj
R, Po

Using binomial expansion (1+¢)" =1+ng,

? 3A

d Azp:_ZGE/I po[ +A_pJ( —3Amj+poa)§ [1— pj. ................... (22)

dt R, Po R, Po
Using AngAER,

Yo

2

dap__26M (1+£—3p°#j+pow§ {1— 3A”]. ................... (23)

dt R, Lo Ry Lo
Since & = GLVI :

9{0
2
CAp oy 1282 3080 o [ 3800 24)
2 0/-0 2 0/-0

dt o 0 Lo

d*A 4Ap 3p,A

dtzp ~f 0[ pp— ’?}Zzp] ................... (25)

0 0
d’A 2
dtf - 5Ap(4 pgj ................... (26)
0
po. 3
From the figure, p, =R, cos30°or ‘_OZZZ’
0
d’A 9 7
dtzp =—a)§Ap(4—Zj=—Zw§Ap. ................... 27)
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N

Angular frequency of oscillation is 7(00.

Alternative solution:

M =m gives R=r and o, = G((FLVI ;')\Q) = SFI\QQ . The unperturbed radial distance of x is
+

J§R, so the perturbed radial distance can be represented by J§R + ¢ where ¢ << «/§R as
shown in the following figure.

2GM 1
{Rz +(J§R+§)2}3/2

Using Newton’s 2™ law, —

1)
The conservation of angular momentum gives s, (v3R)? = p(\3R + £)?.

(2)
Manipulate (1) and (2) algebraically, applying ¢? =0 and binomial approximation.
~ 2GM _d¢ @’V3R

{R? + (\BR+ )3} (V3R+0) = dt>  (1+¢/3R)?
_ 26M _d¢ »’3R

{4R? + 2\[3¢ R} (3R+)= dt®  (1+¢/3R)?
GM 1+ /BR)  d%¢ @’3R

R = —

4R T (+BCI2RY¥? dt? (1+¢/3R)?
—a)ozx/f:_’R{ —ﬂJ[ +L)zd2§ a)ozx/gR( —%J

4R BR) d?

(VR +0) = s (V3R +0) ~ P (SR +£).

d? 7
ng_(za’o jg

1.4 Relative velocity
Let v = speed of each spacecraft as it moves in circle around the centre O.

The relative velocities are denoted by the subscripts A, B and C.
For example, v, isthe velocity of B as observed by A.

The period of circular motion is1 year T =365x24x60x60s. ... (28)

The angular frequency o= 2_|_—7[

=57%5m/s (29)

The speed V=w
2co0s30°
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The speed is much less than the speed light > Galilean transformation.

In Cartesian coordinates, the velocities of B and C (as observed by O) are

VBA
]
L’ V
i

For B, V,, =vcos60°i —vsin60°]
For C, V. =vcos60°i +Vsin60°]
Hence V. =—2vsin60°j = —/3vj
The speed of B as observed by C is Jv=96ms (30)

Notice that the relative velocities for each pair are anti-parallel.

Alternative solution for 1.4

One can obtain Vg by considering the rotation about the axis at one of the spacecrafts.

2
Vge =0l =
365x24x60x60 S

(5%x10° km) =996 m/s
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2. An Electrified Soap Bubble

A spherical soap bubble with internal air density p,, temperature 7' and radius R, is surrounded by
air with density p_, atmospheric pressure P and temperature 7' . The soap film has surface tension

7, density p_and thickness ¢. The mass and the surface tension of the soap do not change with the

temperature. Assume that R > t.

The increase in energy, dFE, that is needed to increase the surface area of a soap-air interface by dA,
is given by dE = ~vdA where ~ is the surface tension of the film.

T . .
2.1 Find the ratio p_T intermsof v, P and R, . [1.7 point]
pa a
T
2.2 Find the numerical value of p—T —1 using v=0.0250Nm ', R,=1.00 cm ,and
Pit,
P =1.013x10° Nm . [0.4 point]

2.3 The bubble is initially formed with warmer air inside. Find the minimum numerical value
of T’ such that the bubble can float in still air. Use 7] = 300 K, p = 1000 kegm™,

p, =130 kgm™, £ =100 nmand ¢g=9.80 ms*. [2.0 points]

After the bubble is formed for a while, it will be in thermal equilibrium with the surrounding. This
bubble in still air will naturally fall towards the ground.

2.4 Find the minimum velocity « of an updraught (air flowing upwards) that will keep the
bubble from falling at thermal equilibrium. Give your answer interms of p, R, g, tand

the air’s coefficient of viscosity 7. You may assume that the velocity is small such that
Stokes’s law applies, and ignore the change in the radius when the temperature lowers to
the equilibrium. The drag force from Stokes” Law is F' = 67 R u.

[1.6points]

2.5 Calculate the numerical value for « using 7=1.8x10 "kgm 's™". [0.4 point]

The above calculations suggest that the terms involving the surface tension v add very little to the
accuracy of the result. In all of the questions below, you can neglect the surface tension terms.
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2.6 If this spherical bubble is now electrified uniformly with a total charge ¢, find an equation
describing the new radius R, interms of R, P ,q and the permittivity of free space ¢ .
[2.0points]

2

2.7 Assume that the total charge is not too large (i.e. g

— << P) and the bubble only
60 0

experiences a small increase in its radius, find AR where R = B + AR.

Given that (14 z)" ~ 1 4 nx where z < 1. [0.7 point]

2.8 What must be the magnitude of this charge ¢ intermsof ¢,p ,p ,e,, R, P inorder that the

bubble will float motionlessly in still air? Calculate also the numerical value of ¢. The
permittivity of free space ¢, = 8.85x10™" farad/m. [1.2 point]
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2. SOLUTION

2.1. The bubble is surrounded by air.

P, T, o,

a’ a

Cutting the sphere in half and using the projected area to balance the forces
give

PzR; = PR +2(27Ry)
.1
p = P4l @
R0

The pressure and density are related by the ideal gas law:

PV =nRT or P :"Mﬂ, where M = the molar mass of air. .. (2)

Apply the ideal gas law to the air inside and outside the bubble, we get

M
T =P —
pll IR
M
T =P, —,
paa a R
piTi — i = |1+ 47/ (3)
paTa Pa ROPa
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2.2.

2.3.

Using y=0.025Nm™, R,=1.0 cm and P,=1.013x10° Nm, the numerical value
of the ratio is

A1, 110000 .. (4)
paTa ROPa

(The effect of the surface tension is very small.)

Let W = total weight of the bubble, F = buoyant force due to air around the
bubble

W = (mass of film+mass of air)g

= (4ﬂR§pst+gﬂRg’pijg ... (5)

4 p.T 4y
=47R ptg+—nRE A2 14 ——
0 ps g 3 0 T |: ROPaj|g

The buoyant force due to air around the bubble is
4
B= gnFag’pag ... (6)

If the bubble floats in still air,

B>W

R0 Pa

. (7
%”R3p3924ﬂR§pstg+%7rR§ p;Ta {1+ 47 }g (7)

Rearranging to give
Ti > RopaTa + 47/
R,p. —3pt R,P, ... (8)
>307.1K

The air inside must be about 7.1°C warmer.
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2.4.

2.5.

Ignore the radius change = Radius remains R, =1.0 cm

(The radius actually decreases by 0.8% when the temperature decreases
from 307.1 K to 300 K. The film itself also becomes slightly thicker.)

The drag force from Stokes’ Law is F =6z7Ru ... 09

If the bubble floats in the updraught,
F>W-B

... (10
6ﬁnR0u2(47zR§pst+%7zR§’pijg—%ﬁRgpag (10)

When the bubble is in thermal equilibrium T, =T,.

4 4y 4
67nR,u=> [471R§ p.t +§72Rg’pa {1+ RP Dg —gﬁRgpag

Rearranging to give

u> + .. (11)

The numerical value is u>0.36 mi/s.

The 2™ term is about 3 orders of magnitude lower than the 1% term.

2.6.

From now on, ignore the surface tension terms.

When the bubble is electrified, the electrical repulsion will cause the bubble
to expand in size and thereby raise the buoyant force.

The force/area is (e-field on the surface x charge/area)

There are two alternatives to calculate the electric field ON the surface of
the soap film.
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A. From Gauss’s Law

Consider a very thin pill box on the soap surface.

E = electric field on the film surface that results from all other parts of the
soap film, excluding the surface inside the pill box itself.

E, = total field just outside the pill box = q =2
dre,RS &,
= E + electric field from surface charge o
= E+E,

Using Gauss’s Law on the pill box, we have E_ = ZL perpendicular to the film
o

as a result of symmetry.

Therefore, E<E,-E, =22 -2 _1 a4 ... (12)
& 28 2¢, 28, 4rnR]

B. From direct integration
Ro9

SR

) R

V/

charge&q
54 =( a jZnRsin 0.R50
4

R2
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To find the magnitude of the electrical repulsion we must first find the electric
field intensity E at a point on (not outside) the surface itself.

Field at A in the direction OA is

oE

2

1 (Q/47Z'R1)27Z'R18in95198in§ (a/47R?) ¢ (9)

= - = ~——"2C05—0
Ars, ( ) 9) 2¢, 2
2Rls|nE

ArR? ) 6-180 47R>
EA - M '[ Cosgd(gj — M (13)
2¢, oo 2 \2 2¢,
The repulsive force per unit area of the surface of bubble is
47R?)
[ qsz:(Q/ r) ... (14)
ArR; 2¢,

Let P and p/ be the new pressure and density when the bubble is electrified.

This electric repulsive force will augment the gaseous pressure P'.

P'is related to the original P through the gas law.
pi’ﬂ ﬂ
3 3

In the last equation, the surface tension term has been ignored.

ﬂRf =P JZ'Rg

From balancing the forces on the half-sphere projected area, we have (again
ignoring the surface tension term)

Pi’_{_(q/42.LR1) = Pa
3 “o . ... (16)
Pa (&j +M — Pa
R, 2¢,
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Rearranging to get

BB o = 0 .. (17)
R, R, ) 327°¢,RiP,

Note that (17) yields %zlwhen q=0, as expected.

0

2
2.7. Approximate solution for R, when S T

327°g,RyP,
WriteR =R, +AR, AR << R,
4
Therefore, ﬁ=1+A—R, (&j ~1+42R ... (18)
R0 RO 0 0
Eq. (17) gives:
q2
ARrx— ... (19
967°£,R3P, (19)
q’ q’
~R+—"F ~R|1+——— ... (20
R R°+967z280R§Pa °[ +967z280R§Pa] (20)

2.8. The bubble will float if

B>W

.. (21
%ﬂpra924ﬂR§pstg+%ﬂR§pig @)

Initially, T =T, = p =p, for y >0 and &:R0[1+A?RJ

0
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3
%ERS [1+ AR—R] P9 2 47R; piig +%7IR§pag
0
4 2
§7r(3AR)pag > 47R; ptg
» . (22)

_— > 4AzR: p t
967[280R0Pa pag 0 ps g

4
-7
3
g > 967°R? p.te,P,
Pa

q ~ 256x10° C =256 NC

Note that if the surface tension term is retained, we get

R ~|1+ q°/967%¢,R;P,

)

RO
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3. To Commemorate the Centenary of Rutherford’s Atomic Nucleus:
the Scattering of an lon by a Neutral Atom

FIGURE 1

Anion of mass m, charge @, is moving with an initial non-relativistic speed v, from a great

distance towards the vicinity of a neutral atom of mass M >> m and of electrical polarisability «.
The impact parameter is b as shown in Figure 1.

The atom is instantaneously polarised by the electric field E of the in-coming (approaching) ion.

The resulting electric dipole moment of the atom is 7=« E . Ignore any radiative losses in this
problem.

3.1 Calculate the electric field intensity Ep at a distance r from an ideal electric dipole p atthe
origin O along the direction of p in Figure 2. [1.2 points]

p=2aq, r>a

FIGURE 2
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3.2 Find the expression for the force f acting on the ion due to the polarised atom. Show that this
force is attractive regardless of the sign of the charge of the ion.

[3.0 points]
3.3 What is the electric potential energy of the ion-atom interaction in terms of «,Q and r?

[0.9 points]

3.4 Find the expression for r ., the distance of the closest approach, as shown in Figure 1.
[2.4 points]

3.5 If the impact parameter b is less than a critical value b, the ion will descend along a spiral to
the atom. In such a case, the ion will be neutralized, and the atom is, in turn, charged. This process
is known as the “charge exchange” interaction. What is the cross sectional area A = 7rb§ of this

“charge exchange” collision of the atom as seen by the ion? [2.5 points]



| " I'\lt:e)};@ Theoretical Competition:  Solution
’ LRI

Question 3 Page 1 of 3

QUESTION 3: SOLUTION

1. Using Coulomb’s Law, we write the electric field at a distance 7 is given by
_ 9 _ q
E 2 2
4re,(r—a) 4re,(r+a)

p

q 1 1

E = _
p 4 rZ 2 2
MR
o r o (1)
Using binomial expansion for small a,
E, = —1 2(1+@—1+§j
Areyr r r
- 4qa3 — qa3
Amegr™ mert 2)
__2p
Arg,r®

2. The electric field seen by the atom from the ion is

E, = —2 ¢ . @3)
4re,r
The induced dipole moment is then simply
. = aQ
=aE = - r 4
p ion 47Z'{;'Or2 ( )
From eq. (2)
E = 2P ¢
Are,r
The electric field intensity Ep at the position of an ion at that instant is, using eq. (4),
Ep: 13_2aQ2f:_ 025stf
Are,r” | Ameyr 8 elr
The force acting on the ion is
- = aQ®
f=QE =-—2f 5
e 872elr’ ®)

The “->* sign implies that this force is attractive and Q*implies that the force is attractive regardless
of the sign of Q.
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3. The potential energy of the ion-atom is given by U :I FLF e (6)

. . T aQ?
Using this, U = | T.0r = — 5 . e 7
g -r[ 327tzg§r4 ™

[Remark: Students might use the term —p - E which changes only the factor in front.]

4. Atthe position r, we have, according to the Principle of Conservation of Angular Momentum,

mvmax rmin = mVOb
Voo = Vo b (8)
rmin
And according to the Principle of Conservation of Energy:
_ 2
1 mv2_ e 1 mv; 9)

2 R2riglrt 2
Egs.(12) & (13):

BECEON

(. 3270 \ ..
(rmin )4—(—“*““ j2+—“Q2 -0 (10)
b b remdor 0 e
The roots of eq. (14) are:
b aQ’® :
r. =—1+ 1-———12 11
min \E{ \/ 472'28§mvgb4 :| ( )

[Note that the equation (14) implies that r_. cannot be zero, unless b is itself zero.]
Since the expression has to be valid at Q =0, which gives
1
(o = D [121]2

min ﬁ

We have to choose “+” sign to make I, =b

Hence,
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5. A spiral trajectory occurs when (16) is imaginary (because there is no minimum distance of
approach).
I, 1S real under the condition:

aQ’®

D
4r’gimv.b*

aQ®
b>h =| ——— | 13
0 (47zzg§mv§j (13)

2.2 2

aQ® )¢
For b <b, = P — the ion will collide with the atom.
g, MV,

Hence the atom, as seen by the ion, has a cross-sectional area A,

A= = n[“—szz ................. (14)

2.2 2
4reymy,
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1. Electrical Blackbox: Capacitive Displacement Sensor

For a capacitor of capacitance C' which is a component of a relaxation oscillator whose frequency
of oscillation is f, the relationship between f and C' is as follows:

f=

«
C+C,
where « is a constantand C is the stray capacitance of our circuits. The frequency f can be
monitored using a digital frequency meter.

The electrical blackbox given in this experiment is a parallel plate capacitor. Each plate consists of
a number of small teeth of the same geometrical shape. The value of C can be varied by displacing
the upper plate relative to the lower plate, horizontally. Between the two plates there is a sheet of
dielectric material.

Equipment: a relaxation oscillator, a digital multimeter for measuring frequency of the relaxation
oscillator, a set of capacitors of known capacitances, an electrical blackbox and a
battery.

Caution: Check the voltage of the battery and ask for a new one if the voltage is less than 9 V.
Do not forget to switch on.

Electrical connectors to
the plates

Battery | Relaxation oscillator

Electrical blackbox:
Parallel plate capacitor

Sliding upper plate

Frequency output | Connectors to capacitor |

FIGURE 1
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The position for frequency
measurements

FIGURE 3 Digital multimeter for measuring frequency

TABLE 1 Nominal Capacitance values

Code Capacitance value
(PF)
33J 34 +1
68 68 £1
82J 84 +1
151 150 +1
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Part 1. Calibration
Perform the measurement of f using the given capacitors of known capacitances. Draw appropriate

graph to find the value of « and C. Error analysis is not required. [3.0 points]

Part 2. Determination of geometrical shape of a parallel plate capacitor [6.0 points]
Given the three possible geometrical shapes as Pattern I, Pattern Il and Pattern I11 as follows:

lower plate Top view

upper plate slide in and out
Pattern |
lower plate Top view

upper plate slide in and out

Pattern 11
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lower plate Top view
T
2w
b
"“Bw e
upper plate slide in and out
Pattern 111

For each pattern, draw qualitatively an expected graph of C' versus the positions of the upper plate
but label the x-axis. Then, perform the measurement of f versus the positions of the upper plate.

Plot graphs and, from these graphs, deduce the pattern of the parallel plate capacitor and its
dimensions (values of band w). The separation d between the upper and lower plates is 0.20 mm.

The dielectric sheet between the plates has a dielectric constant K =1.5. The permittivity of free

space €, = 8.85x10°"* Fm™. Error analysis is not required.

Part 3. Resolution of digital calipers [1.0 point]

As the relative position of the parallel plates is varied, the capacitance changes with a pattern. This
set-up may be used as digital calipers for measuring length. If the parallel plate capacitor in this
experiment is to be used as digital calipers, estimate from the experimental data in Part 2 its
resolution: the smallest distance that can be measured for the frequency value f ~ 5 kHz. An error

estimate for the final answer is not required.
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Part 1. Calibration
From the relationship between f and C given,
I=% f C, % B éc * %

That is, theoretically, the graph of %on the Y-axis versus C on the X-axis should be linear of

. . . C .
which the slope and the Y-intercept is 1 and —= respectively.
« «

The table below shows the measured values of C' (plotted on the X-axis,) f and,

additionally, % which is plotted on the Y-axis.

C (pF)

f (kHz)

1/f (ms)

33
68
82
151
233
219
184
150
115

101

13.94
8.30
6.99
4.17
2.79
2.98
3.48
4.20
5.24

5.89

0.0717
0.1205
0.1431
0.2398
0.3584
0.3356
0.2874
0.2381
0.1908

0.1698

1/f (1/kHz)

0.4000
0.3500
0.3000
0.2500
0.2000
0.1500
0.1000
0.0500
0.0000

1/f vs. C graph

y =0.0014x +325&/ —

50 100 150 200 250

C (pF)

C
From this graph, the slope (l) and the Y-intercept (—) is equal to 0.0014 s/nF and 0.0251
« «

ms respectively.

Hence,

and

=1 = L = 714 nFls
slope  0.0014 s / nF
c. = Y — intercept _ 0.0251 ms ~17.9pF as required.
slope 0.0014 s / nF
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Part Il. Determination of geometrical shape of parallel-plates capacitor

PATTERN I: The expected graph of C' versus the position
C

w 2w 3w 4w 5w Distance

PATTERN II: The expected graph of C' versus the position

w 2w 3w 4w 5w Distance

PATTERN I11: The expected graph of C' versus the position

C

w 2w 3w 4w 5w Distance
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By measuring fand C versus z (the distance moved between the two plates,) the data and
the graphs are shown below.

x (mm) | f(kHz) C (pF) x (mm) | f(kHz) C (pF)
0 7.41 77.9 30 4.94 126.1
1 8.09 69.8 31 5.52 110.9
2 8.64 64.2 32 6.19 96.9
3 9.30 58.3 33 6.48 91.7
4 9.30 58.3 34 6.64 89.1
5 8.21 68.5 35 5.72 106.4
6 7.02 83.3 36 5.08 122.1
7 6.40 93.1 37 4.39 144.2
8 5.98 100.9 38 4.06 157.4
9 5.91 102.4 39 3.97 161.4
10 6.38 93.5 40 4.32 146.8
11 6.96 84.1 41 4.86 128.5
12 7.61 75.4 42 5.33 115.5
13 8.40 66.5 43 6.05 99.6
14 8.20 68.6 44 5.98 100.9
15 7.13 81.7 45 5.14 120.5
16 6.37 93.6 46 4.47 141.3
17 5.96 101.3 47 3.93 163.3
18 5.38 114.3 48 3.74 172.5
19 5.33 115.5 49 3.64 177.7
20, 5.72 106.4 50 3.93 163.3
21 6.34 94.2 51 4.30 147.6
22 6.85 85.8 52 4.91 127.0
23 7.53 76.4 53 5.46 112.3
24 7.23 80.3 54 5.49 111.6
25 6.33 94.3 55 4.64 135.4
26 5.56 110.0 56 4.07 157.0
27, 5.36 114.8 57 3.62 178.8
28 4.73 132.5 58 3.36 194.1
29 4.53 139.2
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10.00
9.00
8.00
7.00
6.00
5.00
4.00
3.00
2.00
1.00
0.00

f vs. x graph

f (kHz)

I 7

X (mm)

250.0

200.0

150.0

100.0

50.0

0.0

Cvs. x graph

C(pF)

X (mm)
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From periodicity of the graph, period = 1.0 cm

Simple possible configuration is:

«-0.5cm

«—>
1.0cm

The peaks of C' values obtained from the C' vs. x graph are provided in the table below.
These maximum C' are plotted (on the Y-axis) vs. nodes (on the X-axis.)

node C_max

1 105.1

2 1186 200

3 139.5 180

4 163.7 160

5 182.1 140
120
100
80
60
40
20
0

g C_max vs. Node graph
x
4
o /‘
/ y = 19.924x + 82.04
Node
0 1 2 3 4 5

This graph is linear of which the slope is the dropped off capacitance AC' = 19.9 pF/section.
Given that the distance between the plates d = 0.20 mm, K = 1.5,

AC ~ KsOA’
d
and A = 5x10°m x bmm x10° m?
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AC d

Then, b mm = ; — ~ 60 mm if medium between plates is the
Ke, x10° x5x10°°

dielectric of which K = 1.5.

Part 111. Resolution of digital micrometer

From the given relationship between fand C, f = e
C+C,
Af =Y ac = |—" |ac
dC (C+C,)
f2
=—AC
(03
& AC = %Af

And since C linearly dependsonx, C =mz+3 = AC=mAx.
Hence,

«

mf’ A

where Af is the smallest change of the frequency f which can be detected by the multimeter,
x,is the operated distance at f =5 kHz, and m is the gradient of the C' vs. = graph at

=2

Az =

0"

From the f vs. x graph, at f =5 kHz, The gradient is then measured on the C' vs. x graph
around this range.
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Cvs. x graph 2
250.0
200.0 Y
- X g L 4
y = 17.455x - 504.54 ¢
L R 4
150.0 ll_!‘ & *
T R ¢ *
2 L 4 * P L 2
%) . - ‘“‘ o o 0“ o
000 e ¢ e ¢ %]
” o e
50.0
0.0 T T T T T T 1
0 10 20 30 40 50 60
x (mm)

From this graph, m = 17.5 pF /mm =1.75x10"°F /m.
Using this value of m, f =5 kHz,«a = 714 nF/s, and Af = 0.01 kHz,

-9
r= 74 x10 % (0.01x 10°) = 0.016 mm

(1.75x10°°) (5 x 10°)?
NB. The C' vs. x graph is used since C (but not f) is linearly related to =z .

Alternative method for finding the resolution
(not strictly correct)

Using the f vs. zgraph and the data in the table around f = 5 kHz, it is found that when f is
changed by 1 kHz (Af =1 kHz,) x is roughly changed by 1.5 mm (Az ~ 1.5 mm .) Hence,

when f is changed by Af = 0.01 kHz (the smallest detectable of the change,) the distance

moved is Az =~ 0.015 mm.
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2. Mechanical Blackbox: a cylinder with a ball inside

A small massive particle (ball) of mass m is fixed at distance » below the top of a long hollow
cylinder of mass M . A series of holes are drilled perpendicularly to the central axis of the cylinder.
These holes are for pivoting so that the cylinder will hang in a vertical plane.

Students are required to perform necessary nondestructive measurements to determine the numerical
values of the following with their error estimates:
i.  position of centre of mass of cylinder with ball inside.
Also provide a schematic drawing of the experimental set-up for measuring the centre of

mass. [1.0 points]

ii.  distance z [3.5 points]

iii.  ratio %. [3.5 points]
m

iv.  theacceleration due to gravity, ¢ . [2.0 points]

Equipment: a cylinder with holes plus a ball inside, a base plate with a thin pin, a pin cap, a ruler, a
stop watch, thread, a pencil and adhesive tape.

A * A
z
O 0«1 pivot
Xem
Base plate
R 0 be clampe
to a table t
CM L 2
Y ] el e oY __ /

Thin pin
~__] @ for pivoting

M z,,, is the distance from the top of the cylinder to the

I A centre of mass.
R isthe distance from the pivoting point to the centre of
mass.




% I'Ph@® Experimental Competition: 14 July 2011

International

e kot Problem 2 Page 2 of 2

Adhesive Cylinder with holes
tape plus ball inside

Stop Thread -Ruler
(for balancing)

Caution: The thin pin is sharp. When it is not in use, it should be protected with a pin cap for safety.

Useful information:

2
1. For such a physical pendulum, M +m R +1,, d_tf ~ —g M +m RO,where I is
the moment of inertia of the cylinder with a ball about the centre of mass and @ is the angular
displacement.

2. For along hollow cylinder of length L and mass M , the moment of inertia about the centre of

2
mass with the rotational axis perpendicular to the cylinder can be approximated by %M [g] .

3. The parallel axis theorem: [ =1 + 9Ma®, where z is the distance from the rotation

centre of mass

point to the centre of mass, and 9t is the total mass of the object.
The ball can be treated as a point mass and it is located on the central axis of the cylinder.
Assume that the cylinder is uniform and the mass of the end-caps is negligible.

ok~
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Solution: 2 . Mechanical Blackbox: a cylinder with a ball inside

A * A
z
O o< x pivot
Xem
R
A B C.M_____"___ -
__ O
M
I A
In order to be able to calculate the required values in i, ii, iii, we need to know:
a. the position of the centre of mass of the tubing plus particle (object) which depends on

z,m M
b. the moment of inertia of the above.
The position of the CM may be found by balancing. The I, can be calculated from the period

of oscillation of the tubing plus object.

Analytical steps to select parameters for plotting

mz+M|2‘
l. Xoyy = ————5 1
CM m+M ()

L isreadily obtainable with a ruler.

Xcm 1S determined by balancing the tubing and object.
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I1. For small-amplitude oscillation about any point O the period T is given by considering the

equation:
{(M+m)R®+15, 16 = —g(M+m)Rsing ~ —g(M+m)RO  ............... 2)
2
T o op ot (MEmRT 3)
g(M+m)R
1. (LY LY
where ley = gM(EJ +M(xCM —Ej +m (2= Xy )
= %I\/IL2+|\/|X§M ~MLXgy +M(Z =X )" e, 4)
Note that
g(M+m I
T? (47;2 ) = ;M +(M+m)R (5)

Method (a): (linear graph method)

The equation (5) may be put in the form:

2 2
TR = (4” JR2+M ......................... (6)
g (M+m)g
Hence the plot of T?Rv.s. R*will yield the straight line whose
2
Slope a = L (7)
g
. 47°|
and y-intercept =-——CM_ 8
y pt g (M +m)g (8)
Hence, lew = (M +m)£ ......................... )
(04
. . Ar®
The value of gisfromequation(7): 9 = — (10)
a
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Method (b): minimum point curve method

The equation (5) implies that T has a minimum value at

RZRmmE "ﬁ ......................... (11)

Hence R, can be obtained from the graph T v.s.R.

And therefore lew = (M+m)RL (12)

This equation (12) together with equation (1) will allow us to calculate the required values z

and M.
m
M +m
At the value R=R ;, equation (5) becomes TnfinM = (M+m)R,;, +(M+m)R
min 47[2
2
g = ﬂ;i”xmz _ 8 5‘““ ......................... (13)

from which g can be calculated.



Q0 1P1®

MODIFIED Q2_EXPERIMENT_SOLUTION_14JULY.DOCX

= ’ I nes Experimental Competition: 14 July 2011
‘ e i Question 2 Page 4 of 9

Results

L =30.0cm £0.1 cm
Xy = 17.8cm £ 0.1 cm (from top)

XC(“gn:) R time (s) for 20 cycles T (5) R(cm) | R%(cm?) | TR (s’cm)
1.1 18.59 18.78 18.59 0.933 16.7 278.9 14.53
2.1 18.44 18.25 18.53 0.920 15.7 246.5 13.29
3.1 18.10 18.09 18.15 0.906 14.7 216.1 12.06
4.1 17.88 17.78 17.81 0.891 13.7 187.7 10.88
5.1 17.69 17.50 17.65 0.881 12.7 161.3 9.85
6.1 17.47 17.38 17.28 0.869 11.7 136.9 8.83
7.1 17.06 17.06 17.22 0.856 10.7 114.5 7.83
8.1 17.06 17.00 17.06 0.852 9.7 94.1 7.04
9.1 16.97 16.91 16.96 0.847 8.7 75.7 6.25
10.1 17.00 17.03 17.06 0.852 1.7 59.3 5.58
11.1 17.22 17.37 17.38 0.866 6.7 44.9 5.03
12.1 17.78 17.72 17.75 0.888 5.7 32.5 4.49
13.1 18.57 18.59 18.47 0.927 4.7 22.1 4.04
14.1 19.78 19.90 19.75 0.991 3.7 13.7 3.69
15.1 11.16 11.13 11.13 1.114 2.7 7.3 3.34
16.1 13.25 13.40 13.50 1.338 1.7 2.9 3.04

Notes: at x., —R=15.1,16.1cm, times for 10 cycles.
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Method (a)

T?R(s*cm)
16

14 /

12

) /
8

4
2
R*(cm?)
O T T T T T 1
0 50 100 150 200 250 300

Calculation from straight line graph: slope « = 0.04108:0.0007 s°/cm, y-intercept
B=3.10+0.055’cm

2

An® . 2
= ——qiving g=(961+20) cm/s
a

(@]

g __310 _ 75.46 cm? (12.5cm2)
o 0.04108

low = (M +m)§ ~ (75.46)(M +m)

1. (LY LY
From equation (4): 1, = EM[EJ +M(xCM —Ej +m (2= Xy )’
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Then (75.46)(M +m) = 75.0M +7.84M +m(z—17.8)2

738M 7546 = (221787 (14)

m

The centre of mass position gives:

17.8(M +m) = 15.0M +mz

M _ztr8 (15)

m 2.8
From equations (14) and (15):

_738(,.178)+75.46 = (2-17.8)
2.8

(2-17.8) = 7.47

And z = 2527 = 253+0.1 cm

Error Estimation
Find error for g:

2
From (10), g= 4z
o

Ag :A—ag =16.3cm/s* ~ 20 cm/s’®
o

i) Finderror for z:

First, find error for r _B_ 310 _ 75.46 cm?.
a 0.04108
Ar = (A—a+£)r =2.5cm’
a B

. . Ar . A
Since error from r contributes most (— ~ 0.03 while A—LL Xom
r

~0.005), we estimate error
cm

propagation from r only to simplify the analysis by substituting the min and max values into
equation (4).

Now, we use r =r+Ar =75.46+2.5=77.96. The corresponding quadratic equation is

(z —17.8)2 +1.743(z-17.8)—-77.96 =0 The corresponding solution is (z-17.8),,, =7.55 cm
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If weuse r, =r—Ar=7546—-2.5=72.96, the corresponding quadratic equation is
(z —17.8)2 +3.529(z—-17.8)-72.96=0

The corresponding solution is (z—-17.8),;, =6.96 cm
So A(z-17.8) = LZG% =0.3cm
Note that A(Z+17788) ~0.04. So, we still ignore the error propagation due to AL, Ax,,
z-17.

The error Az can be estimated from Az =~ A(z—-17.8)=0.3cm

i) Find error for M:
m

We know that M_z-178

m 2.8

A(M) _A(z-17.8) _ 0.11
m 2.8
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Method (b)
Calculation from T-R plot:
T(s)
1.4
1.3 \
1.2
1.1
1
N W/
R(cm)
0.8
0 2 4 6 8 10 12 14 16 18
- - . .y 2 87T2Rmin
Using the minimum position: T =T . at Iy, = (M+m)Ry, and g = T
From graph: R, = 8.9£0.2 cmand T, = 0.846+0.005 s
g = 982+40 cm/s?
law = (M+m)(89)" = (7921)(M+m) ..o, (16)
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From equations (14), (15), (16):
(79.21)(M +m) = 75.0M +7.84M +m(z—17.8)2

~3.63M +79.21m = m(z-17.8)’

(x-17.8) + 223 (x17.8)-79.21 = 0
2.8
(z—17.8) = 8.28
And z = 26.08 = 26.1£0.7 cm
M _ 295 = 3.0£0.3
m
Error estimation
i) Find error for g:

. - . 87°R .
Using the minimum position: g = i >, we have

min

Ag :(ARRmm +2ATTmII’1 Jg =34~30 Cm/32

min min
i) Find error for z:

First, find error for r=R%, =79.21cm?®.
Ar=2R_, AR =3.56cm?
This r is equivalent to r in part 1. So, one can follow the same error analysis.

As a result, we have
Z=26.08~26.1cm
Az =0.8cm

) Find error for M:
m

Following the same analysis as in part I, we found that

M _296:aMy=015
m m

NOTE: This minimum curve method is not as accurate as the usual straight line graph.





